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ABSTRACT
We calculate the instanton-anti-instanton action SMM¯ (τ) in the gauge theory
of the half-filled Landau level. It is found that SMM¯ (τ) = (3−η) [Ω0(η) τ ]
1/(3−η)
for a class of interactions v(q) = V0/q
η (0 ≤ η < 2) between electrons. This
means that the instanton-anti-instanton pairs are confining so that a well defined
‘charged’ composite fermion can exist. It is also shown that SMM¯ (τ) can be
used to calculate the spectral function of electrons from the microscopic theory
within a semiclassical approximation. The resulting spectral function varies as
e−[Ω0(η)/ω]
1/(2−η)
at low energies.
PACS numbers: 73.40.Hm, 71.27.+a, 11.15.-q
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The idea of composite fermions [1] has been used to explain the hierarchical structure
of fractional quantum Hall (FQH) liquids. Using the fact that composite fermions in
the filling fraction ν = 1/2 state feel zero magnetic field at the mean field level and
employing the fermionic Chern-Simons gauge theory of the FQH states [2,3], Halperin,
Lee and Read [4] constructed a renormalized Fermi liquid theory of the half-filled Landau
level. As a direct consequence of a well defined Fermi surface at the mean field level, the
integral quantum Hall effect of composite fermions can be viewed as an extreme form of
the Shubnikov-de Haas effect [4]. Although several experiments [5-8] already appeared to
support the existence of a well defined Fermi surface, from the theoretical point of view,
the strong gauge field fluctuations and the resulting divergent effective mass of fermion
reflect the difficulty of explaining the success of the mean field theory.
It is well known that, in (2+1) dimensional compact Maxwell U(1) gauge theory or
QED, the existence of the instanton solutions leads to the confinement of charges and sig-
nificantly changes the infrared behavior of the theory [9]. This happens because instantons
or monopoles effectively change the logarithmic interaction to a linear one.
Thus one may worry about the confinement of composite fermions in the compact
gauge theory of the ν = 1/2 state. By calculating instanton-anti-instanton action, it is
shown that instantons are confining in the gauge theory of the ν = 1/2 state so that well
defined composite fermions can exist. This problem is important because, if instantons were
not confining, well-defined composite fermions would not exist and there would be no well-
defined Fermi surface for composite fermions, which is necessary to explain experiments.
We also calculated one electron Green’s function of the ν = 1/2 state from the mi-
croscopic theory. Here we are in a completely new situation (compared to the usual case)
that the electron operator not only creates a composite fermion but also creates flux
quanta. Therefore we need to develop a new method to calculate the correlation functions
of electrons. It is found that, using the calculated instanton-anti-instanton action, one can
compute the spectral function of electrons in a semiclassical approximation. The resulting
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spectral function shows a strong suppression at low energies which may explain a recent
measurement of the low temperature I-V tunneling characteristics of a double-layer FQH
system near ν = 1/2 [10]. It is worthwhile to mention that this highly suppressed spectral
density in the infrared limit is not realized in the usual Fermi liquid. There are some
numerical calculations of small size systems [11,12] and a phenomenological model based
on the low-lying density fluctuations [11] successfully explained the experiment. However,
the calculation presented here is a microscopic derivation which shows some deviations
from the phenomenological construction.
In a recent paper (see also Refs.[13,14]), Diamantini, Sodano and Trugenberger [15]
discussed the instanton effect in a (2+1) dimensional compact U(1) gauge theory with the
Chern-Simons term. It was found that the effect of the Chern-Simons term dominates the
role of monopoles in the infrared limit so that the monopoles are linearly confining. Our
problem is more delicate because there are also fermions in the theory and this fermionic
degree of freedom generates particle-hole excitations across the Fermi surface which may
affect the dynamics of the gauge field [16,17]. Recently, Nagaosa [17] investigated a dis-
sipative U(1) gauge model that is a simplified version of the gauge theory of high Tc
superconductors. He found that the above mentioned low energy excitations give rise
to a dissipative effect on the gauge field so that the confinement of charges is strongly
suppressed [17].
In the gauge theory of the ν = 1/2 state, both of the low energy particle-hole excita-
tions and the Chern-Simons term exist. In this paper, it is shown that the effect of the low
energy particle-hole excitations dominates the effect of the Chern-Simons term for a class
of interactions between electrons: v(q) = V0/q
η (0 ≤ η < 2). This leads to a confinement
of instantons similar to that in the gauge theory of high Tc superconductors [17].
In the fermionic Chern-Simons gauge theory of FQH states [2-4], the problem of
interacting electrons in a uniform magnetic field can be transformed to an equivalent
system in which a fermion is minimally coupled to a statistical gauge field aµ(r) as well
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as the uniform magnetic field. The fermion operator ψ† is related to the electron operator
ψ†e [2,4] as
ψ†e = ψ
† exp
[
i φ˜
∫
d2r′ ϕ(r− r′) ρ(r′)
]
, (1)
where ϕ(r − r′) is the angle between r − r′ and the x axis, and ρ(r) is the electron or
fermion density operator at the point r. For fermionic theory, φ˜ should be even integers
and especially φ˜ = 2 for ν = 1/2 state. In this fermionic language, the Hamiltonian can
be written as [4]
H = H0 + V ,
H0 =
1
2m∗
∫
d2r ψ†(−i∇−∆a)2ψ ,
V =
1
2
∫
d2r d2r′ v(r− r′) : ρ(r)ρ(r′) : ,
(2)
where the colons represent the normal ordering and m∗ is the effective mass of the fermion.
Here we assume that interaction between electrons takes a form (in Fourier space): v(q) =
V0/q
η (0 ≤ η < 2). ∆a(r) = a(r)− eA(r) is the fluctuation above the mean field configu-
ration a(r) = eA(r) and a(r) = φ˜
∫
d2r′ ∇ϕ(r− r′) ρ(r′).
In the rest of the paper, aµ(r) means the fluctuation above the mean field configu-
ration, i.e., ∆aµ(r). We will use the Euclidean functional-integral formalism and choose
the temporal gauge in which a0 = 0. The effective action of the gauge field can be ob-
tained after integrating out the fermions in the original action. Since only the transverse
fluctuation of the gauge field is important in the low energy limit [16,17], we will drop the
longitudinal fluctuation from now on. It turns out that the gauge field propagator is not
renormalized by the fluctuations beyond the random phase approximation [18]. Therefore
we can employ the same gauge field fluctuation as that of Ref [4]. The effective gauge field
action can be written as the following [16,17].
Seff = S0 + Scs ,
S0 =
1
2
∫
d2q
(2π)2
dω
2π
[
ε(q, ω)eα(q, ω)eα(−q,−ω) + µ(q, ω)b(q, ω)b(−q,−ω)
]
,
Scs = −i
∫
dτ d2r
m
4
ǫµνλ aµ fνλ ,
(3)
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where eα = ∂0aα (α = 1, 2), b = ∂1a2 − ∂2a1, m = 1/(2πφ˜), and fµν = ∂µaν − ∂νaµ. The
dielectric function ε(q, ω) and the magnetic permeability µ(q, ω) (for the statistical gauge
field) are given by ε(q, ω) = ν1|ω|q (ν1 =
2ne
m∗vF
) and µ(q, ω) = 112πm∗ +
v(q)
(2πφ˜)2
.
Before the calculation of instanton-anti-instanton action and the demonstration of con-
finement of instantons, we would like to show a relation between the electron Green’s func-
tion and the instanton-anti-instanton action. The one electron Green’s function G+(τ) =
〈ψe(0, τ)ψ
†
e(0, 0)〉 can be calculated semiclassically in the spirit of the WKB approximation
[19]. In the functional integral approach, G+(τ) can be written as
G+(τ) =
∫
Dψ† Dψ Daµ ψe(τ) ψ
†
e(0) e
−S(ψ†,ψ,aµ)
=
∫
Dψ† Dψ Daµ ψ(τ) ψ
†(0) δ(MM¯) e−S(ψ
†,ψ,aµ) ,
(4)
where S(ψ†, ψ, aµ) is the action given by Eq.(2). Notice that, since an electron is a fermion
plus two flux quanta, the creation and annihilation of electrons at times zero and τ not only
create and annihilate a fermion, it also create and annihilate flux quanta. The creation
and annihilation of flux quanta is represented by a singular boundary condition on the
gauge field and δ(MM¯) represents this boundary condition. Notice that the creation
(annihilation) of a flux quantum corresponds to inserting a (anti-)monopole in space-time.
Formally, Eq.(4) can be rewritten as
G+(τ) =
∫
Daµ δ(MM¯) 〈ψ(τ) ψ
†(0)〉a e
−Seff (aµ) , (5)
where
〈ψ(τ) ψ†(0)〉a =
∫
Dψ† Dψ ψ(τ) ψ†(0) e−S(ψ
†,ψ,aµ)/e−Seff (aµ) ,
e−Seff (aµ) =
∫
Dψ† Dψ e−S(ψ
†,ψ,aµ) .
(6)
Notice that both of 〈ψ(τ) ψ†(0)〉a and e
−Seff (aµ) are not gauge invariant. Let us introduce
Seff(aµ, jµ) = Seff (aµ)−
∫
d3r aµ jµ, where jµ is the fermion current corresponding to the
straight line path and has the following form.
jµ = [θ(x0 − τ)− θ(x0)] δ(x1)δ(x2)δµ0 . (7)
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Now we can write the integrand of the functional integral as a product of two gauge
invariant objects:
G+(τ) =
∫
Daµ δ(MM¯)
[
〈ψ(τ) ψ†(0)〉a e
−
∫
d3r aµjµ
]
e−Seff (aµ,jµ) , (8)
where 〈ψ(τ) ψ†(0)〉a e
−
∫
d3r aµjµ and e−Seff (aµ,jµ) are gauge invariant. Notice that the
two terms in Seff(aµ, jµ) are not gauge invariant respectively, due to the presence of the
monopoles for the first term and non-conservation of the current jµ for the second term (an
electron is created and annihilated). However, the total effective action Seff(aµ, jµ) is gauge
invariant. Notice also that, in the semiclassical limit, the paths of the fermions are close
to the straight line path in a given gauge field background, thus the factor e−
∫
d3r aµjµ
is almost compensated by the contribution from the fermions 〈ψ(τ) ψ†(0)〉a. Therefore,
the saddle point of the integrand is dominated by e−Seff (aµ,jµ). By taking out the saddle
point value Seff (a¯µ, jµ) in which the boundary condition δ(MM¯) should be incorporated,
one can do the following semiclassical approximation
G+(τ) ≈ e
−Seff (a¯µ,jµ)
∫
Dδaµ 〈ψ(τ) ψ
†(0)〉a e
−
∫
d3r aµjµ e−Seff (δaµ) , (9)
where δaµ is the fluctuation around the saddle point and Seff(δaµ) can be taken as a
quadratic expansion in δaµ. Combined with the boundary condition on the gauge field, jµ
of Eq.(7) is exactly the source of the instanton–anti-instanton (or monopole-antimonopole)
solution of the effective gauge field action [15]. In other words, the monopole and anti-
monopole are connected by a string of source jµ in Euclidean space. From these argu-
ments, we can identify Seff(a¯µ, jµ) as the monopole-antimonopole action SMM¯ . Therefore,
the electron Green’s function can be written as
G+(τ) ≈ G0(τ) e
−SMM¯ (τ) , (10)
where G0(τ) is at most an algebraically decaying function of τ [20] because of the above
mentioned compensation effect in the semiclassical approximation. It will be shown that
e−SMM¯ (τ) is the dominant suppression factor of low energy electron spectral function.
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Now let us concentrate on the evaluation of SMM¯ (τ) in our model. As a simpler
case, we can consider the compact Maxwell-Chern-Simons theory which was successfully
constructed on the square lattice [15]. It turns out that the construction of an appropriate
lattice action with the correct continuum limit and direct evaluation of instanton solutions
are nontrivial because of the explicit appearance of the gauge potential aµ in the Chern-
Simons term and the fact that the gauge potential aµ is not globally defined in the presence
of monopoles. This problem was resolved by formulating the theory using the self-dual
model [15,21]. We will use the same idea and closely follow the derivations in Ref. [15] to
calculate the monopole-antimonopole action from an equivalent self-dual model.
First of all, the equations of motion that are derived from the action given in Eq.(3)
is found to be
ε(q, ω) qα eα(q, ω) +m b(q, ω) = 0 ,
ε(q, ω) ω ǫαβ eβ(q, ω) + µ(q, ω) qα b(q, ω)−m eα(q, ω) = 0 , (11)
where α = 1, 2. Let us define fµ as the dual of the field strength tensor fµν : fµ = ǫµνλfνλ/2
[15,21]. The Euclidean partition function of an equivalent dual theory can be written as
Z =
∫
Dfµ Df
∗
µ e
−SE(fµ,f
∗
µ) ,
SE(fµ, f
∗
µ) =
1
2
∫
d3q
(2π)3
[
µ(q, ω) f∗0 f0 −
1
m
µ(q, ω) f∗0 ε(q, ω) ( q1 f2 − q2 f1 )
+ ε(q, ω) f∗1 f1 −
1
m
ε(q, ω) f∗1 ( µ(q, ω) q2 f0 − ε(q, ω) ω f2 )
+ ε(q, ω) f∗2 f2 −
1
m
ε(q, ω) f∗2 ( ε(q, ω) ω f1 − µ(q, ω) q1 f0 )
]
,
(12)
where f∗µ(q, ω) = fµ(−q,−ω). One can easily check that the above action gives the same
equations of motion as Eq.(11). In the lattice version of the action, as a result of the
appropriate regularization, we can separate out singularities from fµ [15]. Now we can
define the regularized dual field strength tensor f regµ as fµ = f
reg
µ −
1
m jµ, where the string
singularity jµ is given by Eq.(7). This singularity acts as a source for f
reg
µ [15] and the
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corresponding equations of motion for f regµ can be written as
f reg0 −
1
m
ε(q, ω) ( q1 f
reg
2 − q2 f
reg
1 ) =
1
m
j0 ,
f reg1 −
1
m
( µ(q, ω) q2 f
reg
0 − ε(q, ω) ω f
reg
2 ) = 0 ,
f reg2 −
1
m
( ε(q, ω) ω f reg1 − µ(q, ω) q1 f
reg
0 ) = 0 .
(13)
Inverting these equations, we can get the following solutions,
f regµ (q, ω) =
1
m
Gµν(q, ω) jν(q, ω) , (14)
where
Gµν(q, ω) = (A
−1)µν(q, ω) ,
Aµν(q, ω) =

 1 q2 ε(q, ω)/m −q1 ε(q, ω)/m−q2 µ(q, ω)/m 1 ω ε(q, ω)/m
q1 µ(q, ω) /m −ω ε(q, ω)/m 1

 . (15)
The Eq.(14) represents the monopole-antimonopole solution of the effective gauge theory.
The monopole-antimonopole action can be obtained from Eqs.(12) and (14) [15].
SMM¯ (τ) =
1
2
∫
d3q
(2π)3
1
m2
j0(−q,−ω) µ(q, ω) G00(q, ω) j0(q, ω)
=
1
2
∫
d3q
(2π)3
1
m2
j0(−q,−ω)
(m2 + ε2(q, ω) ω2) µ(q, ω)
m2 + ε(q, ω) (ε(q, ω) ω2 + µ(q, ω) q2)
j0(q, ω) .
(16)
Notice that the appearance of m2 in the fractional expression reflects the screening ef-
fect of the Chern-Simons term. In the Maxwell-Chern-Simons theory, ε = µ = 1 so that
m2 term dominates in the infrared limit and this screening effect confines the monopole-
antimonopole pairs [15]. However, in our model, ε and µ are divergent ( µ is divergent for
η > 0 ) in the infrared limit so that m2 term becomes irrelevant. Therefore, the contribu-
tions from the dielectric function and the magnetic permeability due to the particle-hole
excitations dominate the screening effect of the Chern-Simons term. Now we can safely
set m2 = 0 in the numerator and the denominator of the fractional expression in Eq.(16),
then SMM¯ (τ) can be written as
SMM¯ (τ) =
∫
d2q
(2π)2
∫
dω
2π
(2πφ˜)2
ω2
ε(q, ω) µ(q, ω) ω2
ε(q, ω) ω2 + µ(q, ω) q2
(1− cos(ωτ)) , (17)
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where φ˜ = 2 for ν = 1/2. The above result can be easily understood once we realize
that the Chern-Simons term is irrelevant in the infrared limit. After dropping the Chern-
Simons term, the effective action Seff (aµ) (see Eq.(3)) is essentially the Maxwell theory with
frequency and momentum dependent dielectric function ε(q, ω) and magnetic permeability
µ(q, ω). (17) is just the monopole-antimonopole action in this generalized Maxwell theory
[16].
For the Coulomb interaction v(q) = 2πe
2
ǫq , µ can be approximated as
2πe2
ǫ(2πφ˜)2
1
q :
SMM¯ (τ) =
e2
2πǫ
√
τ
β
∫ ∞
0
dx
∫ ∞
0
dy
1
xy3/2
1
1 + x
(1− cos(xy)) ,
≡ 2
√
Ω0(1)τ ,
(18)
where β = e2lc/4ǫ (lc is the magnetic length) [11] and Ω0(1) = πe
2/ǫlc. Therefore, the
monopole-antimonopole pair is confining but the action is proportional to the square-root
of the distance between monopole and antimonopole which is different from the linearly
confining monopole-antimonopole solution of the Maxwell-Chern-Simons theory. The con-
finement of monopoles means the existence of a well defined ‘charged’ particle or composite
fermion.
The same calculation can be done for a class of interactions v(q) = V0/q
η (0 ≤ η < 2).
Using the fact that µ ≈ V0
(2πφ˜)2
1
qη (η > 0) and µ =
1
12πm∗ +
V0
(2πφ˜)2
(η = 0), we get
SMM¯ (τ) = (3− η) [Ω0(η) τ ]
1
(3−η) with
Ω0(η 6= 0) =
V0lc
4π
[
2π
(3− η)2lc
1
Γ( 4−η3−η )
cosec
(
π
2(3− η)
)
cosec
(
π
(3− η)
)]3−η
,
Ω0(η = 0) =
211π4
317/2Γ3(4/3)
χ˜
l2c
,
(19)
where χ˜ = 112πm∗+
V0
(2πφ˜)2
is the effective diamagnetic susceptibility of the fermions. There-
fore, the monopole-antimonopole pair is still confining.
From (10) and (19), we can see that the electron Green’s function has a form G+(τ) ≈
G0(τ)e
(3−η)[Ω0(η) τ ]
1
(3−η)
. After relatively unimportant factor G0 is dropped, it has the
same functional form as the result of He, Platzman, and Halperin [11] in the case of the
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Coulomb interaction (η = 1). Notice that our Ω0(1) is two-times larger than ω0 they
obtained in a similar expression [11]. We found that, for 0 ≤ η < 2, the constant Ω0(η)
has different functional dependence on η compared to the result one would get if the
approach [11] of X-ray edge problem was used. In X-ray edge problem, the added electron,
being a core electron, does not participate in density fluctuations of the valence electrons.
In our problem, the added electron, being a valence electron, contributes to the density
fluctuations (through the flux it carries). Thus one should take into account properly the
flux of the added electron which is an important part of the gauge field configuration.
In our instanton approach, the flux degree of freedom of the added electron is naturally
included. The low frequency behavior of the corresponding spectral function A+(ω), which
is the inverse Laplace transform of G+ [11], is given by e
−(Ω0(η)/ω)
1
(2−η)
. It was pointed out
that the exponential suppression of the spectral density leads to the strong suppression of
the tunneling current at low voltage biases [11]. These results show that the one electron
Green’s function has very different behavior compared to that in the usual Fermi liquid
although two-particle correlation functions may be Fermi-liquid-like [18,22].
Recently, Bonesteel [23] extended the analysis of Ref.[4] to the double-layer system
near ν = 1/2. It was found that the dynamics of the gauge field fluctuations in two layers
separates into out-of-phase mode and in-phase mode between two layers. The out-of-phase
mode behaves as if there is no Coulomb interaction [23]. The tunneling between two layers
corresponds to the creation of a monopole in one layer and an antimonopole in the other
layer which only couple to the out-of-phase mode of the gauge field. Thus the tunneling
current will be directly proportional to e−SMM¯ (τ) with η = 0 (for short range interaction).
Replacing χ˜ by the appropriate effective diamagnetic susceptibility [23] of out-of-phase
current fluctuations, we get I(V ) ∼ e−(8Ω0(0)/eV )
1/2
where the factor 8 comes from the
existence of two layers. We expect the above to be valid at low biases where the interlayer
screening becomes important.
In summary, we investigated the instanton-anti-instanton or monopole-antimonopole
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solution of the effective gauge theory of the half-filled Landau level. It was found that
instanton-anti-instanton pairs are confining so that a well defined composite fermion can
exist. We also related the instanton-anti-instanton action to the electron Green’s function
in the semiclassical approximation. It was found that the strong suppression of the spectral
function in the infrared limit can be understood in terms of the Euclidean-time dependence
of the instanton-anti-instanton action.
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